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Outline

* The OPF using PTDFs
* The OPF using reactance



Transmission constraints

Lines can carry a limited amount of power
* Thermal limits
e Stability limits
* Voltage drop limits

Power flow equations

* Non-linear mapping: power injection in buses - power flow on lines
* We will linearize these

Optimal power flow (OPF): Maximize welfare (minimize cost) subject to
power flow equations + transmission limits



Network representation

Transmission system is represented as a directed graph
* N:set of nodes
* K: set of lines (denoted by k = (m,n))
* (G,: set of generators located in node n, G =U, ¢y Gy,
e L,:setofloads located in noden, L =U, ¢y Ly,



Two equivalent models

Decisions:

* pgy:amount of power produced by generator g
* d;: amount of power consumed by load [

Two equivalent models, depending on system state and input data
* Model 1

e System state: nodal injections

. :_npu’g data: power transfer distribution factors (depend on physical characteristics of
ines

e Model 2

» System state: nodal phase angles
* Input data: reactance (depend on physical characteristics of lines)



The OPF using PTDFs



Model 1: power transfer distribution factors
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Net injection

Hub node: reference node that “absorbs” all injections

Injection 7;,: amount of power shipped from node n to the hub

T, = ng—Zdl,nEN

gEeGy lELy

Not amount of power flowing over line connecting n and hub

Zrn=0

nenN

Conservation of energy:



Power flows

* Power transfer distribution factor (PTDF) F;.,,: amount of power flowing
on line k w¢ ocuvenela anmootoAng 1 MW as a result of shipping 1 MW from
n to hub

* Fihup =0
PTDF: input data, depend on physical characteristics of lines

PTDFs depend on choice of hub
Flow fk IS

fk:szn'Tn,kEK

neN
Flow can be positive or negative (interpretation?)

T : limit on power that each line can carry
T < fi =Ty



Example

30 MW 3OTMW

p) All lines have identical

\ / electrical characteristics
hub

'
1

Fi21=7F 3, ="

1

2. Express shipment of 30 MW from 1 to 2 as transaction through hub
3. Compute flow f;_, from steps 1, 2

4. Note: ry and f;_pup are different



The OPF using PTDFs

(DCOPE): d; Dg
maxy g r r z MB;(x) dx — z j MCy(x)dx
e “ 0 gEeG 0

(/‘l;): fi T, k€K

(%) —f <To, k€K

(W)

Vi fk—szn-rnzo,kEK

nenN
(on)
Pn rn—ng+2dl=(),nEN
JEG, leL,
(—0):
i z 7, =0
nenN
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d;>0,l€l



Optimal solution

* Denote £, D; as maximum production/consumption of
generators/loads (imposed through domain of objective function)

There exists a threshold p,, for all n such that:
* If0 <p,; <Py, then p, = MCy(py). 1f 0 < d; < Dy, then p, = MB;(d;).
* If p;, = P, then p, = MC,(F,).If d; = Dy, then p,, < MB,(D;).
* Ifp, =0, then p, < MC,(0).Ifd; = 0, then p, = MB;(0).



Proof

Use KKT conditions

0 <py L MCy(pg) — Pugg) + Hg =0
O<upuy;, LB, —p;=20

OSdl J-_MBl(dl)_l_pn(l)_l_vl =0
OSV{J_Dl—dlZO

* n(g): node where generator g is located
* n(l): node where load [ is located



Sensitivity

Helpful in understanding transmission pricing

* @: marginal change in welfare from marginal increase in production/marginal
decrease in consumption

* A} and A;;: marginal impact of increasing line capacity

* p,: marginal impact of marginal increase of consumption/decrease of
generation in node n (what if demand is inelastic?)

What sign do we expect for these dual variables?



Components of p,

Useful identity for computing prices:

pn=§0+szn'A;_2FRn'A4k_

keK keK

Proof: KKT conditions



Example

Case 1
* D, =50 MW, T1 > unlimited

’P1:P2:20m

Case 2
-DZ—SOMW T,_, = 50 MW
$
pr = 20 i 201 < pp < 40
Case 3

e D, = 6OMW T, , = SOMW

.’01=20MWh’0 40MWh

Cy =20 $/MWh

.
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The OPF using reactance



Model 2: reactance
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Power flows

e Reactance: input data, depends on physical characteristics of lines
* Independent of choice of hub
* Flow fj is

f (mmn) — B (mmn) ° (O — 0n)
* Translation of 8 results in identical flows, fix Oy, = 0
* Conservation of energy:

ng+ z fr = z fk+Zdl,nEN

gEGy k=(-n) k=(n,) lEL,

* Input data is independent of network topology: transmission line
investment, transmission line outages



The OPF using reactance

(DCOPF2): d Dg

maxy 4 f.6 z MB;(x) dx — Z MCy(x)dx
leL 0 gEeG 0
(AZ): fe =T, k€K
(2%): —f <Tw.k €K
(Vk): fk =Bk - (0 —0,) =0,k =(m,n) €K
(pn):
" —ZPQ—ka+ka+Zdl=0,nEN
gEGy k=(n) k=(n,) lEL,
Py =0,g€G

d; =0l€L
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